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AHHOTanHH 

B paGoTe npHBo;i,HTCH Tpn MeTo;;a noncKa BeKTopa PageRank (aeKTopa OpoGennyca- 
IleppoHa CTOxacTHHecKOH MaTpHpBi) ;i,jih ;i,Ba>Kyi,Bi paspejKenHBix MaTpHu,. Bee xpn MeTo;;a 
CBo;i,HT noHCK BexTopa PageRank k pemenHio 3a;i,anH BBinyKjioii onTHMHsapnH na CHMnjiex- 
ce (hjih ce;i,jiOBOH 3a;i,ane). IlepBBiH MeTO/i, Ga3HpyeTCH na oGbihhom rpa;i,HeHTHOM enyexe. 
0;i,Haxo ocoGeHHOCTBK) SToro MeTo;i,a HBjiaeTCH BBiGop nopMBi 11 BMecTO npHBBinHoii enxjin- 
;i,OBOH HopMBi. BTopoH MeTO/i, GaanpyeTCH na ajiropnTMe Opanx-ByjiBcjDa. TpeTnn MeTO/i, 
Ga3HpyeTCH na paH;i,OMH3HpoBaHHOM BapnanTe Mexo^a 3epxajiBHoro enyexa. Bee xpn eno- 
eoGa xopomo ynnTBiBaiOT pa3pe>xeHHoeTB noeTanoBxn Ba^ann. 

KjiioHeBbie cjioBa: PageRank, pa3pe>xeHHoeTB, paH;i,OMH3an,HH, Mexo;; Opanx-ByjiBcjDa, 
1 l-OnTHMH3an,HH. 


1. BBe,z],eHHe 

B flaHHOH paGoxe mbi CKOHpeHxpnpyeMCH na pemennH sa^ann PageRank n ee OKpecTHOcxHX. 
Xopomo H3BecTHO (BpHH-neftflJK, 1998 [1, 2]), hto sa^ana panxenpoBannH web-CTpannii, npn- 
BOflHT K noHcxy BexTopa <hpo6eHHyca-neppoHa cToxacTHnecKon MaTpHLi,Bi = x. PasMepBi 
MaTpHLI,BI Moryx 6bITB XOJIOCCajIBHBIMH (b COBpeMOHHBIX peajIHHX 3TO CTO MHJIJinapflOB na CTO 
MHjijiHapflOB). BbirpysHTB Taxyio MaTpnpy b onepaxHBHyio naMHTB oGBinnoro xoMnBioTepa ne 
npeflCTaBjiaeTCH bosmojkhbim. Sa^any PageRank mojkho nepenneaTB, xax sa^any BBinyKjioH on- 
THMH3aLi,HH (Ha3HH-nojiHK, 2011 [3]; lO.E. HecTepoB, 2012 [4,5]; FacHHxoB-FlMHTpHeB, 2015 [6]) 

B paSHBIX BapnaHTax: MHHHMH3aLI,HH KBaflpaTHHHOH (hopMBI 11 Ax — &II 2 H MHHHMH3aLI,HH 6eCKO- 
HennoH nopMBi ||Ax — 6||oo na ep,HHHHHOM cHMnjiexce. 3p;ecB A = — I, I — ep,HHHHHaH Maxpn- 

ii,a. K anajiorHHHBiM 3ap;anaM npnBOflHT 3ap,aHH anajinBa p,aHHBix (Ridge regression, LASSO [7]), 
3ap,aHH BoccTanoBjieHHH MaTpHii,Bi KoppecnoHfleHpnn no 3aMepaM Tpachnxa na jiHHKax b kom- 
HBioTepHBix ceTHx [8] H MHOTHe flpyTHe 3ap;aHH. OcoGennocTBro nocTanoBox 3 thx 3ap;aH, xaxjxe 
xax H B cjiynae 3ap;aHH PageRank, hbjihkttch xojioccajiBHBie paBMepni. 

B flaHHOH CTaTBe njiannpyeTCH cocpeflOTonnTBcn na HBynennH pojin paBpejxennocTH Max- 
pHii,Bi A, na HcnojiB30BaHHH paHflOMHBHpoBaHHBix noflxoflOB H na cnepnchnxH MHOJxecxBa, na 
xoTopoM npoHcxoflHT onTHMH3aLi,HH. CnMnjiexc HBjiHexcH (b nexoTopoM CMBicjie) HanjiynmHM 
B03MOJXHBIM MHOJXeCTBOM, XOTOpOe MOJXeX nopOJXflaXB (neBaBHCHMO OT pa3peJXeHHOCTH Maxpn- 

Li,Bi A) paopeJxeHHOCTB pemenna (cm., nanpnMep, n. 3.3 C. By6ex, 2014 [9], axo xecno CBHBano 
c ll-onxHMH3aii,HeH [10]). 
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Bee o HeM sflecb HanneaHo xopomo HsaecTHo na TaKOM yposne rpy6ocTH. IIohchhm, flonoji- 
HHTejibHo norpyjKaacb b fleTajin, b hbm saKjiioHaioTca otjihhhh pasBHBaeMBix b cTaTBe noflxoflOB 
OT HSBecTHBix noflxoflOB. HpeJKfle Bcero, mbi bbo^hm cnepnajiBHBiH Kjiacc deaMcdu paspeofcennux 
Mampuv^ (oflHOBpeMeHHO paspexceHHBix h no CTpoxaM n no CTOJi6n,aM)0 Tanne MaTpnpBi, na- 
npHMep, BoanHKaioT b MeTo^e Konennnix ojieMenTOB, n b 6ojiee o6n];eM KonTencxe npn Hsynennn 
paanocTnBix cxeinj^ Ecjih cnHTaxB, nxo Maxpnpa A HMeex pasMepni n x n, a nncjio ojieMenTOB 
B KaJKflOH CTpoKe H cxojiGpe ne Gojinme neM s <C n, xo nncjio nenyjieBBix ojieMenxoB b Maxpnpe 
MOJKex 6 bixb sn. Kaneexen, nxo oxo nponsBeflenne xonno flojineno BosnnKaxB b opennax o6ni,eH 
cjioncnocxH (nncjia apncJjMexnnecKHX onepapnii, xnna yMnoncennn hjih cjioJKennn flByx nnceji 
xnna double) pemennn sa^ann (c onpe^enennon (J^HKcnpoBannon xonnoexuro). OKaaBiBaexcn, 
nxo flJiH nepBOH noexanoBKH (MnnuMnaapna KBaflpaxnnnon cjaopMBi na CHMnjieKce) cjioncnocxB 
Moneex 6 bixb c^ejiana nponoppnonajinna ln(2 + n/s^) (pasflejiBi 2 n 3), a fljin Bxopon (Mnnn- 
MH3an,Ha becKonennon nopMBi) n xoro Menunie — slnn (pas^eji 4). 

riepBaa sa^ana Moneex pemaxBcn obninnuiM npnMBiM rpaflnenxnBiM MexoflOM c l-nopMon 
B npHMOM npocxpancxBe [11], [12] — nexpuBnajinnuiM xyx HBjinexcH, b xom nncjie, oprann- 
3an,HH paboxBi c naMHXBio. B nacxnocxn, xpebyexen xpanenne rpaflnenxa b MaccHBe, obnoB- 
jienne ajieMenxoB Koxoporo n BBinncjiennH MaKCHMajiBnoro/MnnnMajiBnoro ojieMenxa flojineno 
ocyni,ecxBjiaxBCH 3a BpeMH, ne 3aBHCHni,He ox paamepa Macenna (xo ecxB ox n). Tyx oKaaninaiox- 
CH nojieanBiMH (]3HbonannHeBBi n bpoflajieBCKne Kynn [13]. OcnoBnan n^ea — ne paccnnxBiBaxB 
na KaJKflOM mare rpaflnenx c]3ynKn,HH aanoBO A^Axk+i, a nepecnnxBiBaxB ero, ynnxBiBaa, nxo 
Xk+i = Xk + efc, rfle nenxop coexonx b ocbobbom h 3 nyjien: 

A'^Axk+i = A"^ Axk + A'^Ack 

^HexajiH byflyx nanoncenBi b paoflejie 2. Anajiornnnyio openny obn^en cjioJKnocxn njiannpyex- 
CH nojiynnxB MexoflOM ycjiOBnoro rpaflnenxa <I)panK-ByjiBc]3a [14], bojinmon nnxepec k KoxopoMy 
noaBHjica b nocjieflnne necKOJiBKO Jiex b ocnoBnoM b cbh3h c oaflanaMH BigData (M. ^Irrn [15], 
Apmyn-IOflHpKHH-HeMHpoBCKHH [16], K).E. HecxepoB [17]). AKKypaxnBin anajino paboxBi axo- 
ro Mexofla xannee npn npaanjiBnon oprannoapHn paboxBi c naMHXBio noBBOJiaex (anajiornnno 
npeflBiflyigeMy noflxofly) naxo^nxB xanon x, nxo \\Ax — 6||2 < e 3a nncjio apn^JMexnnecKHX 
onepapnn 


O („ + 

npnneM openna oKa3BiBaexca Bnojine npaKxnnecKon. 3xoMy byflex nocBargen paafleji 3. 

Bxopaa aaflana (MHBHMH3an,HH \ \Ax — &||c!o Ha eflHBHnnoM cHMnjieKce) c noMorgBio xexnnKn 
lOflHflKoro-HeMnpoBCKoro, 2012 (cm. n. 6.5.2.3 [18]) Moneex bxixB nepenneana nan cefljiOBaa 
3aflana na nponaaeflenne flByx CHMnjieKCOB. Ecjih npnMenaxB panflOMnanpoBaHnnin Mexofl 3ep- 
KajiBHoro cnycKa (ocnoBnaa nflea Koxoporo aaKjiionaexca b BBinHCJiennn BMecxo rpaflnenxa Ax 
cxoxacxnnecKoro rpaflnenxa, paccnnxBiBaeMoro no cjieflyioifleMy npaBHjiy: c BepoaxnocxBio xi 
OH paBen nepBOMy cxojibn;y MaxpnflBi A, c BepoaxnocxBio X2 BxopoMy n x.fl.), xo fljia xoro, nxobni 
obecnennxB c BepoaxnocxBio > 1 — cr nepaBencxBO \ \Ax — 5||c!o < e floexaxonno BBinojinnxB 

0(nln(n/<T)/e^) 

apncJjMexnnecKHX onepapnit. K concajiennio, axox noflxofl ne noBBOJiaex b hojihom obx.eMe ynecxB 
panpeJKeHHOcxB MaxpnflBi A. B cxaxBe npefljiaraexca flpyron nyxB, BocxoflaiflHn k paboxe 
rpHropnaAnca-Xannana, 1995 [19] (cm. xannee [20]). B ocnoBe axoro noflxofla jiexcnx panflo- 
MH3aflHH ne npn BBinHCJiennn rpaflnenxa, a npn nocjieflyioifleM npoeKXHpoBannn (corjiacno 

^SaMeTHM, XTO sa cnex cneiiHajibHoro “pasflyTHa” HSHanajibHOH MaxpHiibi mojkho o6o6mHTb npHBefleHHbie b 
CT axbe opeMKH h noflxoflbi c Kjiacca flBajKflbi paspejKenHbix MaxpHn,, na MaxpHiibi, y KOTopbix eexb He6ojibmoe 
HHCjio nojiHbix expoK h/hjih cxoji6i],ob. TaKHe sajiaxH Bcxpexaioxca b npHjiojKenHax aaiviexHO name. 

^IIpHMeHHxejibHO K paHJKHpoBaHHK) web-cxpaHHn,, 3X0 CBoiicxBO osHanaex, xxo BxoflaniHe h Bbixoflanine cxe- 
neHH Bcex web-expaHHu, paBHOMepno orpaHHxeHbi. 
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XL-paccTOHHHK), HTO OTBeHaeT 3KcnoHeHii,HajibHOMy BSBeniHBaHHio) rpaflHeHTa na CHMnjieKC. 
IlpefljiaraeTCH BMecTO necTHoli npoeKii,HH na CHMnjieKC cjiynaftHO BBiGnpaTB o^ny hs Bepninn 
CHMHjieKca (paspejKeHHBiH oG'BeKT!) Tax, hto6bi MaTeMaTHHecKoe ojKHflaHne npoeKii,HH paana- 
jiocB 6bi HacTOHiii,eH npoeKii,HH [20]. B pa6oTe njianapyeTCH noKasaTB, hto 3to mojkho 34)4)eKTHB- 
Ho flejiaTB, HcnojiBsya cneii,HajiBHBiH flBOHHHBie flepeBBH nepecneTa KOMnonenT rpa^neHTa [6]. B 
pesyjiBTaTe njiaanpyeTCH nojiyHHTB cjieflyiomyK) opeHKy fljia flBaJKflBi paspejKeHHBix MaTpHii, 

0{n + slnnln(n/cj)/e^). 

HanoMHHM, HTo npn 3tom hhcjio HenyjieBBix 3 JieMeHTOB b MaTpape A moxcbt 6bitb sn. Bos- 
HHKaeT MHOrO BOnpOCOB OTHOCHTejIBHO TOrO HaCKOJIBKO BCe 3TO npaKTHHHO. K COJKajieHHK), Ha 
flaHHBIH MOMeHT HaHIH TBOpeTHHeCKHe OLI,eHKH TOBOpHT O TOM, HTO KOHCTaHTa B 0{) MOJKOT 
HMOTB nopHflOK 10^. IloflpoOHee o 6 3tom 6 yfleT HanncaHo b pasflejie 4. 

B flaHHOH CTaTBe npn cneii,HajiBHBix npeflnojioJKeHHHX OTHOCHTejiBHO MaTpapBi PageRank P 
(flBaJKflBi paspejKeHHaa) mbi npe^jiaraeM MeTOflBi, KOTopBie paOoTaioT no HaHjiynniHM HsaecT- 
HBiM ceftnac opeHKaM fljin saflann PageRank b ycjioBHHx oTcyTCTBHH kohtpojih cneKTpajiBHoft 
igejiH MaTpHii,Bi PageRank [ 6 ]. A HMenno, nojiyneHnan b CTaTBe openKa (cm. pasflejiBi 2, 3) 

ln (2 + n/s^)\ 
e 2 ) 

CJIOJKHOCTH nOHCKa TaKOrO X, HTO 11 Ax — 6 II 2 < £, HBJIHeTCH Ha flaHHBIH MOMeHT HaHJiynmeH 
npH s <C \/n fljiH flaHHoro Kjiacca sa^an. BnicTpee MoxceT paOoTaTB tojibko MeTOfl MCMC (fljia 

MaTpHH,BI C OflHHaKOBBIMH HO CTpOKaM BHeflHarOHajIBHBIMH 3JieMeHTaMH) 

0{lnnln{n/a) / {ae'^)) 

Tpe6yioHi,HH, hto6bi cneKTpajiBHaH igejiB a Onijia flocTaTOHHo 6 ojibhioh [6]. 

IlpHBefleHHBie b cTaTBe noflxoflBi, npHMeHHMBi ne tojibko k KBaflpaTHBiM MaTpHH,aM A h ne 
TOJIBKO K saflane PageRank. B nacTHocTH, mojkho oOoOigaTB npHBefleHHBie b cTaTBe noflxoflBi na 
KOMHosHTHBie HocTaHOBKH [21]. TeM He Menee, cbohctbo ^boIihoh paspexcenHocTH MaTpHH,Bi A 
HBJiaeTCH CyigeCTBeHHBIM. EcJIH 3T0 cbohctbo He BBIHOJIHHeTCH, H HMeeT MeCTO, CKaJKeM, TOJIB¬ 
KO paspejKeHHOCTB b cpe^neM no CTOJiOpaM, to npHBefleHHBie b CTaTBe noflxoflBi MoryT 6bitb 
flOMHHHpyeMBI paHflOMHSHpOBaHHBIMH HOKOMHOHeHTHBIMH CHyCKaMH. EcjIH MaTpHH,a A CHJIBHO 
BBiTHHyTa HO HHCJiy cTpoK (TaKOTo pofla HocTaHOBKH xapaKTepHBi fljiH saflan anajiHsa flaHHBix), 
TO HOKOMHOHeHTHBie MeTOflBI HpHMOHHIOTCH K flBOHCTBeHHOH SaflaHe [22], [23], eCJIH HO HHCJiy 
ctoji6h,ob (TaKoro po^a nocTanoBKH xapaKTepHBi fljiH sa^an noHCKa paBHOBecHBix KOHcJiHrypa- 
H,HH B 60 JIBHIHX TpaHCHOpTHBIx/KOMHBIOTepHBIX CeTHx), TO HOKOMHOHeHTHBie MeTOflBI HpHMeHH- 
lOTCH K npHMOH saflHHe [24], [25]. IloflHepKHeM, hto npn ycjioBHH ^boIihoh paspencenHOCTH A c 
s <C \/n HaM He HSBecTHBi 6 ojiee 3(]3(]3eKTHBHBie (npHBefleHHBix b flaHHoft CTaTBe) chocoObi peme- 
HHH OHHCaHHBIX SaflaH. B HaCTHOCTH, 3TO OTHOCHTCH H K yHOMHHyTBIM BBIHie HOKOMHOHeHTHBIM 
cnycKaM. 

B saKjiioHHTejiBHOM HHTOM pasflejie paOoTBi npHBOflHTca pesyjiBTaTBi HHCJieHHBix 3KcnepH- 
MeHTOB. 

2. IlpHMOH rpa^HGHTHblH MGTO^ B 1-HOpMG 

Banana noncKa BeKTopa PageRank MonceT 6bitb cneflena k cjieflyioigeH saflann BBinyKjioH 
onTHMH3aH,HH [12] (flajiee fljia onpeflejieHHocTH Oy^eM nojiaraTB 7 = 1, b flelicTBHTejiBHocTH, no 
3TOMy napaMOTpy Tpe6yeTCH nporoHKa) 

fix) = + ? ^i-x% min 

Z Z —7 {x,e)=l 

1=1 

Tfle A = — 1,1 — eflHHHHHan MaTpHpa, e = (1,..., 1)"^, 


O { n + 
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iy)+ 


y, 2 / > 0 

0 , 2 / < 0 


ripn 3TOM Mbi cHHTaeM, HTo B KajKflOM cTOJi6ii,e H KajKflOH cTpoKe MaTpHii,bi P He 6ojiee s <C ^/n 
sjieMeHTOB OTjiHHHO OT HyjiH {P — paspejKeHa). 3Ty sa^any npe^jiaraeTCH pemaTB o6bihhbim 
rpaflHeHTHBiM MeTOflOM, HO He B eBKjiHflOBOH HopMe, a B 1-HopMe (cm., HanpHMep, [11]): 


Xk+i =Xk + argmin|/(xfc) + {Vf{xk),h) + ^\\h\\l 

h:{h,e)=0 I ^ 

rfle L = max + 1 < 3 ( — i-H cTOJi6eH, MaTpHH,Bi A). ToHKy cTapTa xq HTepapn- 

OHHoro npopecca BBi6epeM b o^hoh hs BepmHH cHMHjieKca. 

JXjIH flOCTHHCeHHH TOHHOCTH HO 4)yHKH;HH HOTpeGyeTCH CflejiaTB 


0{LR^/e^) = 0{l/e^) 

HTepaii,HH [11]. He cjio:^ho npoBepHTb, hto nepecneT rpa^neHTa na Ka:^flOH KTepaii,HH saKjiioHa- 
eTCH B yMHo:^eHHH A^Ah, HTO MOHCeT 6 bITB CflejIBHO sa 0{s^). CBHSaHO 3TO C TeM, HTO BeKTOp 
h Bcerfla HMeeT tojibko flBe KOMHoneHTBi 


H —max df{xk)/dx^— min df{xk)/dx^ 

OTjiHHHBie OT HyjiH (TaKaH paspejKeHHOCTB HOJiyHHjiacB 6jiaroflapH BBi6opy 1-HopMBi), npnneM 
9TH KOMHOHeHTBI OHpeflejIHIOTCH, COOTBeTCTBeHHO, KaK 

argmin df{xk)/dx^ h argmax df{xk)/dx^ 
i=l,...,n 2=1,...,n 

3to mojkho nepecHHTBiBaTB (npn HcnojiBSOBaHHH Kynn fljiH no/^gepjKaHHH MaKCHMajiBHOH h 
MHHHMajiBHOH KOMHOHeHTBI TpaflHeHTa) 3a O (s^ ln (2 + n/s‘^)Y YKasaHHaH oH,eHKa flocTHraeTCH 
cjieflyioHi,HM o6pa30M: rpynna h 3 n KoopflHHaT pa36HBaeTCH na +1 HenepeceKaioHi,HXCH rpynn 
HO He 6 ojiee, neM n/s^ b KancflOH. OnepaH,HH oGnoBjieHHH KOMHoneHTBi rpa^neHTa ocyigecTBjiHeT- 
CH B cooTBeTCTByioigeH eft rpynne ( 3 a BpeMH O (ln(2 + n /c noMoigBio 6 HHapHoft Kynn [13]). 
Bbi 6 oP MHHHMajIBHOft KOMHOHeHTBI TpaflHeHTa OCyigeCTBJIHeTCH npOCMOTpOM He 6 ojiee HeM +1 
BepmHH KyHH (b Bepmnne Kynn pacnojioJKen MHHHMajiBHBift ajieMeHT). AnajiorHHHBiM o6pa30M 
Ho^epjKHBaeTCH Ha 6 op Kyn c MaKCHMajiBHBiM ojieMeHTOM b Kopne fljia hohckb MaKCHMajiBHoft 
KOMHOHeHTBI TpaflHeHTa. BaJKHO OTMeTHTB, HTO JIOrapHcJiMHHeCKHft (]3aKTOp yKaaaHHOrO BHfla 
He yjiynmaeM. IlocjieflHee cjieflyeT h 3 HeyjiynmaeMocTH oH;eHKH cKopocTH copTHpoBKH O(nlnn) 
ocHOBaHHoft Ha HonapHOM cpaBHeHHH sjieMeHTOB. TaKHM o6pa30M, c yneTOM npenpoH,eccHHra h 
CTOHMOCTH HepBoft HTepaH,HH 0{n) oGigaH TpyfloeMKOCTB npefljioJKeHHoro MeTOfla 6 yfleT 

ln (2 + n/s^)\ 

) 

HTO 3aMeTHO jiynme mhothx H3BecTHBix moto^ob [ 6 ]. 

HeKOTopaa npo 6 jieMa coctoht b tom, hto b pemeHHH MoryT 6 bitb MajieHBKHe OTpHH,aTejiB- 
HBie KOMHOHeHTBI, H Tpe 6 yeTCH nporoHKa no 7 . TaKxce fljia toto, hto 6 bi cnojina HcnojiB30BaTB 
paapejKeHHocTB Tpe 6 yeTCH jih 6 o “cTpyKTypa paapexcenHocTH” (cKaxceM, aapanee H3BecTHo, hto 
M aTpHH;a A HMeeT oTjiHHHBie ot nyjiH BjieMeHTBi tojibko b s/ 2 oKpecTHocTH flHaroHajiH), jih 6 o 
npenpoH,eccHHr. B nameM cjiynae (anponeM, 3 to othochtch h k nocjieflyioHi,HM paa^ejiaM) npe- 
npoH,eccHHr aaKjiioHaeTCH b npeflCTaBjieHHH MaTpHH,Bi no cTpoKaM b bh^o chhckb cMexcHocTH: 
B KaJKflOft CTpOKe OTJIHHHBift OT HyjIH SJieMeHT XpaHHT CCBIJIKy Ha CJie 7 yiOHl,Hft OTJIHHHBift OT 
HyjiH ajieMOHT, anaiiornnHoe npeflCTaBjieHHe MaTpHH,Bi flejiaeTca h ho CTOJiGpaM. SaMeTHM, hto 


O ( n + 


- max df{xk)/dx^ — min df{xk)/dx'' 
i=l,...,n 2=1,...,n 
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npenpoii;eccHHr noMoraeT ycKopHTb pemennH sa^an ne tojibko b cbhsh c 6 ojiee nojiHBiM yneTOM 
paapejKeHHocTH nocTanoBKH, ho h, nanpHMep, b cbhsh c 6 ojiee acJjcJjeKTHBHOH opranHsapHeH 
paHflOMH3aLI,HH [ 6 ]. 

06paTHM BHHMaHHe Ha TO, HTO HHCJIO OJieMeHTOB B MaTpHH,e P, OTJIHHHBIX OT HyjIH, flaJKO 
npH HajIOJKOHHOM yCJIOBHH paspeJKeHHOCTH (no CTpOKaM H CTOJl 6 H,aM), BCe paBHO MOJKOT 6 bitb 
flOCTaTOHHO 60 JIBHIHM sn. yflHBJIHeT TO, HTO B OH,eHKe o 6 Hl,eH TpyflOeMKOCTH 3TOT paSMep 4)aK- 
THHeCKH HHKaK HO HpHCyTCTByeT. 3 tO B nepCHOKTHBe (npH npaBHJIBHOH OpraHHSapHH pa 6 oTBI 
c naMHTBK)) HOSBOJIHOT peHiaTB saflaHH KOJioccajiBHBix pasMepoB. Bojiee toto, flaxce b cjiynae 
HeGojiBHioro HHCJia ne paapejKeHHBix orpaHHHeHHH BH^a 


(aj,x) = 6j, i = l,...,m = 0{l), 

MOJKHO “pasflyTB” npocTpaHCTBo (ne Gojiee hom b flBa pasa), b KOTopoM npoHcxoflHT ohthmh- 
3aH,HH (bo mhothx MOTOflax, KOTopBie yHHTBiBaioT paapejKeHHOCTB, 3TO HHCJIO BxoflHT nofloGno 
paccMOTpeHHOMy npHMepy, thk hto thkoc paa^yTHe ne npHBefleT k cepneBHBiM 3aTpaTaM), h 
nepenncaTB 3Ty CHCTCMy b bh^c Ax = b, r^e MaTpHpa Gy^eT hmctb pa3MepBi 0{n) x 0{n), ho 
HHCJIO OTJIHHHBIX OT HyjIH OJICMCHTOB B KaJKflOH CTpOKC H CTOJlGpC GyflCT 0(1). TaKHM oGpa30M, 
flonycKacTCH neGojiBHioe hhcjio “hjiothbix” orpaHHHeHHH. 

B BaKjiioHeHHe aaMeTHM, hto nocjie nepecJiopMyjiHpoBKH hcxo^hoh aaflann mbi ymjiH ot ohth- 
MH3aH,HH Ha CHMHJieKCe, H CTajIH OHTHMHBHpOBaTB Ha THHepHIIOCKOCTH, COflepjKaHl,eH CHMHJieKC. 
HpoGjieMa TyT B03HHKaeT H3-3a Toro, hto nyxcHo oH,eHHTB ll-pa3Mep MHoxcecTBa JleGera cJiyHK- 
H,HH f{x) flJIH ypOBHH f (xq) , Tfle Xq € Sn(l} — TOHKa CTapTa (cm. [11]), <S'n(l) ~ eflHHHHHBIH 
CHMHJieKC B M”. MoJKHO HOKaaaTB, HTO 3TO npHBOflHT K yjKC HCn0JIB30BaHH0H HaMH BBIHie OH,eHKe 
R = 0(1). Ho, K coJKajieHHK), tohhofo BHaneHHH R mbi ne 3HaeM. KaK cjieflCTBHe, npn npaK- 
THHecKOH peajiH3aH,HH MeTOfla mbi He MoxceM npocTO cflejiaTB npe^HHcaHHoe hhcjio HTepapnli h 
OCTaHOBHTBCH. OflHaKO BBIXOfl eCTB. B flaHHOH BaflaHC MBI 3HaeM OHTHMajIBHOe 3HaHeHHe: /* = 0. 
CflejiaB N = 1/e^ HTepapnli mojkho 3a 0{sn) apncJjMeTHHecKHX onepapnli npoBepHTB, bbihoji- 
HHCTCH JIH yCJIOBHe f{X]\f) < j2 HJIH HOT. EcjIH HOT, TO iV = 3A^ H HpOflOJIHCaCM HTepaH,HOHHBIH 
npopecc (GpaTB jih hhcjio 3 hjih khkoc-to flpyroe > 1 mojkho onpeflejiHTB hcxo^h h3 Toro, khk 
COOTHOCHTCH Sn H HCM GoJIBHIC BTOpOe nepBOrO, TCM MeHBHie HaflO GpaTB 3TO hhcjio). 

Mnnyc TyT b tom, hto Tor^a openKa nojiyHHTCH 


O 1 sn + 


s^ ln(2 + n/s^) 


a He 


KaK xoTejiocB Gbi. C flpyroH cTopoHBi, HaGaBjiHTBCH coBceM OT sn B flaHHOM cjiynae h ne oGaaa- 
TejiBHO, HOCKOJiBKy B cjieflyioHi,eM pa3flejie npe^jiaraeTca MeTOfl, r^e 3 thx npoGjieM hot. 


3 . Mexo^ ycjioBHoro rpa^neHTa OpaHK—ByjibcJ^a 

HepenniueM aa^any noHCKa BeKTopa PageRank cjieflyiorgHM oGpaaoM 

fix) = h\Ax\\l^ min 
2 x£S„{l) 

JXjih pemeHHH 3toh Ba^ann Gy^eM HcnojiBBOBaTB moto^ ycjioBHoro rpa^neHTa (ppaHK-ByjiBcJja 
[14] - [17]. HanoMHHM, b hom coctoht moto^. 

BBiGepeM Oflny h3 Bepmnn CHMHjieKca h bobbmom TOHKy CTapTa xi b 3toh Bepmnne. /],ajiee 
HO HHflyKH,HH, mar KOTopoH HMeeT cjieflyiomHH bh/;. PemaeM Ba^any 

min 

y&S„(i) 
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06 o 3 HaHHM pemenne stoh saflann nepes 


rfle 1 CTOHT Ha no3Hii,HH 


Vk = (0, 1,0, ...,0) 


riojIOJKHM 


ik = argmin df{xk)/dx^ 

2=l,...,n 


Xk+i = (1 - 'yk)xk + Ikyk, Ik = -r—rr, k = l,2,... 

K + 1 

PlMeeT MecTo cjieflyioigaH openKa [14] - [17] 

2L„E1 

f{xN) = f{xN) - f*< 

rfle 


< max ||y —x||^, L„ < max (h, Ah) = max Nyl/illn, 1 < p < oo. 

P x,y&Sn{l)" "P ^ l|/»llp<l ll^llp<l 

C yneTOM Toro, hto onTHMH3aLi,HH npoHcxoflHT na CHMHjieKce, mm SMOepeM p = 1. He cjiojkho 
HOK aaaTH, hto 3tot bm6op OHTHMajieH. B pe3yjibTaTe nojiyHHM, hto = 4, 

Li = max ||^^*^||2 < 2. 

2=l,...,n 

TaKHM o6pa30M, hto6m /(xat) < e^/2 flocTaTOHHo cflejiaTb N = 32e“^ HTepapnli. B flelicTBH- 

TejiBHOCTH, HHCjio 32 MOJKHO HOHTH Ha HopHflOK yMeHBmHTB HeMHOTO 6ojiee TOHKHMH paccyjK- 

flOHHHMH (fleTajIH MBI BBIHyjKfleHBI 3fleCB OHyCTHTB). 

CflejiaB flOHOJIHHTejIBHBie BBIHHCJieHHH CTOHMOCTBK) 0{n), MOJKHO TaK 0praHH30BaTB npOH,e- 

flypy nepecHeTa V f{xk) h BBiHHCJieHHH argmin df{xk)/dx^, hto Kaxc^aH HTepaH,HH Oy^eT hmotb 

2=1,...,n 

cjiojKHocTB O (s^ln(2 + n/s^)). stoto bbo^hm 

k-1 

/3fc = “ 7r-), Zk = Xk/fik, Ik = Jk/Pk+I- 

r=l 

Torfla HTepapHOHHMH npoH;ecc mojkho nepenncaTB cjieflyioHi,HM o6pa30M 


Zk+I = Zk + lkVk- 

HepecHHTMBaTB Azk+i npn H3BecTHOM BHaneHHH A^Azk mojkho 3a O (s^ln(2 + n/s^)^. /],a- 
jiee, 3aflaHy 


MOJKHO nepenncaTB nan 


ik+i = argmin df{xk+i)/dx" 
2 =l,...,r 2 


ik+1 = argmin(y4^yl2:fc+i)*. 

2=1,...,n 

Hohck ik+i MOJKHO TaKJKe ocyigecTBHTB 3a 0(s^ ln(2 + n/s^)). Onpe^ejinB b KonennoM HTore 
zat, MBI MOJKeM onpeflejiHTB xtv, 3aTpaTHB flonojiHHTejiBHo ne 6ojiee 

0(n + In A^) = 0{n) 

apH4)MeTHHecKHX onepan,HH. Tbkhm o6pa30M, HToroBan on,eHKa cjiojkhocth onncannoro MeTOfla 
6yfleT 
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Ctoht oTMeTHTb, HTo 4)yHKii,HOHaji, Bbi6paHHbiH B 3TOM npHMepe, o6ecneHHBaeT naMHoro 
jiynmyio OLi;eHKy ||^x||2 < e no cpaBnennK) c 4)yHKn,HOHajiOM ns pas^ejia 4, KOTopnin oGecnenn- 
BaeT jinniB H^dxlloo < £• Hanjiynman (b paspencennoM cjiynae 6e3, ycjiOBnn na cneKTpajiBnyio 
mejiB MaTpHn,Bi P [6]) ns nsBecTHBix nam na flanHBin momcht openoK 

0{n + s\nn\n{n / a) / £^) 

(cm. pasfleji 4) fljia ||Ax||oo mojkct 6bitb yjiynmena npHaeflennon b 3tom pasflejie openKon, 
nocKOJiBKy ||y4x||2 mojkct 6bitb (h tbk nacTo GniBaeT) b ~ ^/n paa 6ojiBme ||ylx||oo, a s <C ^/n. 

4. CefljioBoe npe^cxaBJiGHHe PageRank h panflOMHanpo- 

BaHHbiH aepKajiBHbiH cnycK b (JjopMe PpHropHa^Haca—XaHHana 

riepenniueM sa^any noncKa BCKTopa PageRank cjieflyioni,nM o 6 pa 30 M 

f{x) = \\Ax\\oo^ min 

a;e5„(l) 

Cjieflyn [18] sxy aa^any Moncno nepenncaxB cefljioBBiM oGpaaoM 

min max (Ax,y). 

^65„(l)||y||i<l' 

B CBOK) onepeflB nocjieflnioio aa^any Moncno nepenncaxB Kax 

min max {Ax,Ju}), 

3;G5'ri{l) w£‘S'2n(l) 

rfle 


J — [I'm I'n] • 

B nTore aa^any Moncno nepenncaxB, c coxpanenneM CBoncTBa paapencennocTn, Kax 

min max {u!,Ax). 

Cjieflyn [20], onnmeM acJacJaexTHBnBin n nnTepnpeTnpyeMBin cnoco6 pemennn axon aa^ann. 
riycTB ecTB flBa nrpoxa A n B. Banana MaTpnpa (anTaronncTnnecxon) nrpni A = ||aij||, r^e 
\o>ij\ < 1, aij — BBinrpBim nrpoxa A (nponrpnim nrpoxa B) b cjiynae, xor^a nrpox A BBi6paji 
CTpaxernK) i, a nrpox B CTpaxernK) j. OxoJXflecTBHM ceOn c nrpoxoM B. H npe^nojioJxnM, nxo 
nrpa noBTopnexcH ;g> 1 paa (axo nncjio MOJxex 6 bixb aapanee nenaBecxno [20], oflnaxo fljin 
npocxoxBi najiojxennn Oy^eM cnnxaxB axo nncjio naBecxnniM). BnefleM (Jaynxpnx) noxepn (nrpoxa 
B) na mare k 


fk{x) = (w^. Ax), X G 5n(l), 

rfle G <52^(1) — Bexxop (Boo6ni,e roBopn, aaBncHrgnn ox Been nexopnn nrpBi flo xexyrgero 
MOMenxa BXjironnxejiBno, b nacxnocxn, xax-xo aaBHCHrgnH n ox xenyrgen expaxernn (ne xofla) 
nrpoxa B, aa^annon paenpeflejienneM Beponxnocxen (peayjiBxax xexyrgero paanirpniBanna (xofl 
B) nrpoxy A ne naBeexen)) co BceMH xoMnonenxaMH paBnniMH 0, xpoMe oflnon xoMnonenxBi, 
cooxBexcxByrorgen xofly A na mare k, pannon 1. Xoxn (]aynxn,nH fk{x) onpeflejiena na eflnnnn- 
noM CHMnjiexce, no “npannjiaM nrpBi” Bexxop x^ nMeex poBno Oflny eflnnnnnyx) xoMnonenxy, 
cooxBexcxByiom,yK) xo^y B na mare k, ocxajiBnnie xoMnonenxBi pannBi nyjix). OOoanannM n,eny 
nrpBi (b nameM cjiynae C = 0) 
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C = max min {u],Ax) = min max {uj,Ax). (TeopeMa ebon HeftMana o MHHHMaKce) 

( 1 ) ( 1 ) ( 1 ) i^£>5'2n ( 1 ) 

riapy BeKTopoB (uj,x), flocxaBjiHromnx pemenne btoh MHHHMaKCHoft saflann (x.e. ceflJiOByio 
TOHKy), HaaoBeM paBHOBecneM Hama. Ho onpeflejienHio (axo HepaBencxBo bocxo^hx k XanHany 
[26]) 


1 


N 


T7 fkix) < C. 
x£S„{l) N 

Toxfla, ecjiH mbi (nrpoK B) 6yfleM npnflepjKHBaxBcn cjieflyiomeH paHflOMHsnpoBaHHOH expaxernn 
(cm., nanpHMep, [ 6 ], [19], [20]), BBiGnpaa {x^}: 


1 ) pi = (n 1, ...,n ^); 


2) HesaBHCHMO pasBirpniBaeM cjiynaftHyK) BejinnHHy j{k) xaKyro, nxo P{j{k) = j) = pj] 

3) riojiaraeM = 1, = 0, j 7 ^ j{k)-, 

4) IlepecnHXBiBaeM 


A -+1 k f 2\nn _ \ , 

Pj ~ Pj exp I - Y ■ Hk)j ) ’ •? = 

xfle i{k) — HOMep expaxernn, Koxopyro BBi6paji nrpoK A na mare A:0 
xo c BepoaxnocxBK) >1 — a 

1 ^ 1 ^ AT/ \ 

N g N E s Vjv ('^ + 2v'^M^) . 

x.e. c BepoHxnocxBK) > 1 — cr namn (nrpoKa B) noxepn orpannnenBi 

^ X] fkix’") <C+ + 2V2 In(o-i)') . 

^ k=i V V / 

CaMBiH njioxoH fljia nac cjiynan (c xonKn spennn xanon openKn) — axo Kor^a nrpoK A xonce 
flencxByex (BBiGnpan {w^}) corjiacno anajiornnnon expaxernn (xojibko nrpoK A pemaex sa^any 
MaKcnMn3an,nn)|^ Ecjin n A n B by^yx npnflepjKnBaxBcn xannx expaxernn, xo onn coftflyxen k 
pannoBeenK) Hama (ceflJiOBon xonne), npnneM ^obojibbo Gnicxpo [20]: c BeponxnocxBK) 1 — a 


0 < IIAx'^lloo = max (uj'Ax^)— max min (uj/Ax) < max (uj/Ax^)— min {uj^,Ax)< 

^SaMBTHM, HTO 3Ta CTpaTBrna HMeex ecTecTBenHyio HHTepnpeTaLi,HK). Mbi (nrpoK B) onncbiBaeM na TeKyipeM 
mare nrpoKa A BeKTopoM, KOMnoneHTbi Koroporo - ckojibko pas nrpoK A HcnojibsOBaji flo nacToamero MOMenra 
cooTBercTByiomyio CTparerHio. Corjiacno sroMy Benropy aacror mbi paccaHTbiBaeM BeKxop cboiix ojKHflaeMbix 
nOTepb (npii ycjiOBiiH, aro arpoK A 6yfleT fleaCTBOBaTb corjiacno srOMy aacTOrnOMy neKTopy). BMecTO 

TOro, aTo6bi Bbi6HpaTb nanjiyamyio (flaa flannoro nexTopa aacTOT A) CTpaTernio, flaioinyio naiiMenbrnne noaepii, 
Mbi HcnojibsyeM paenpefleaenne rii66ca c napaMerpoM •y/2 Inn/N (sKcnonenpiiaabno BSBemnnaeM c sthm napa- 
MeapoM BexTop ojxnflaeMbix noaepb c yaeroM snaxa). C HaH6oabmeH BepoarnocTbio 6yfleT Bbi6paBa nanayamaa 
CTparerna, no c nenyaeBbiMii BepoarnocTaMH Moryr 6biTb BbiGpanbi n flpyrne CTparernH. 

^Mrpox A nepecaHTbiBaer 


fc +1 k 

Pi ~ Pi exp 


21n(2r: 

N~ 


■ “ij(fc) I > 


i = 1,.... 2n, 


r/];e j{k) — noMep CTpaTermi, xoropyio Bbi6paa nrpox B na mare k. 
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< max {uj,Ax^) — ^'S^{lo^,Ax’^) + ^'S^{uj’^,Ax^)— min {u)^,Ax)< 

- Y^(\/ln( 2 n) +2V21n(2/o-)) + Y^(\/h^ +2V21n(2/cj)) < 

< 2(\/ln(2n) + 2^2 ln(2/cj)) 

rfle 


x^ = 


1 


TV 






TV 

E 




N ^ ' N 

k=l k=l 

TaKHM o6pa30M, HTo6m C BepOHTHOCTWO > 1 — a HMeTb 11I loo < £, flOCTaTOHHO CflejiaTb 


ln(2n) + 81n(2/cr) 

TV = lb-s-HTepapHn; 


sInn(lnn + Infer ^)) 

o(" +- ” 

rfle nncjio s <C \/n — orpannnnBaeT CBepxy, nncjio HenyjieBBix ajieMenTOB b CTpoKax n CTOJi6n,ax 

MaTpHn,Bi P. 

HeTpnBnajiBHBiM mbctom s^ecB HBjmeTCH oii;eHKa cjiojkhocth o^hoh HTepapHn O(slnn). Ho- 
jiynaeTCH STa openKa hcxo^h hs OLi;eHKH nanbojiee THJKejiBix flencTBHn mar 2 n 4. Cjiojkhoctb ryr 
B TOM, HTO htoGbi creHepnpoBaTB pacnpeflejienne flncKpeTHon cjiynanHon BejinnnHBi, npnnnMa- 
K)ni,eH n pasjinnHBix SHanennli (b o6ni,eM cjiynae) TpebyeTca 0{n) apncjTMeTnnecKHX onepan,HH 
— fljiH nepBoro renepnpoBaHHH (npnroTOBjiennH naMHTn). IlocjieflyiomHe renepnpoBaHHH MoryT 
6 bitb cflejiaHBi ocJrcjTeKTHBHee — sa O(lnn). OflnaKO b nameM cjiynae ecTB cnen,H4)HKa, saKjiiona- 
lomancH B TOM, HTO npn nepexofle na cjicflyiomnn mar s BepoHTHOCTen b pacnpeflejiennn Morjm 
KaK-To noMeHHTBCH. Ecjm He HopMHpoBaTB pacnpeflejieHHe BepoHTHocTeft, to mojkho cHHTaTB, 
HTO OCTajIBHBie BepOHTHOCTH OCTajIHCB HeHSMeHHBIMH. OKaSBIBaeTCH, HTO TaKaH CneH,H4)HKa no3- 
BOJiHOT BMecTo oH,eHKH 0(n) nojiyHHTB ou,eHKy O(slnn). 

SaMenaHHe. OnnmeM Tonnee 3Ty npori;eflypy. Y nac ecTB cbajiancHpoBaHHoe flBOHHHoe fle- 
peBO BBicoTBi 0(log2n) c n jihctom (flaGni ne B^aBaTBCH b TexHHnecKHe fleTajiH, CHHTaeM hto 
HHC jio n — ecTB CTeneHB abohkh, hokhtho, hto sto ne tbk, ho mojkho b3htb, CKaxceM, nan- 
MeHBmee naTypajiBHoe m TaKoe, hto 2™ > n h paccMaTpHBaTB flepeno c 2™ jihctom) h c 0{n) 
o6m,HM HHCJiOM BepmHH. KajKflaH Bepmnna flepena (oTjiHHHan ot jiHCTa) HMeeT HeoTpHH,aTejiB- 
HBiH Bee paBHBiH cyMMe BecoB flByx ee hotomkob. IlepBOHaHajiBHaH npoi^e^ypa npnroTOBjieHHH 
flepeBa, oTBenaiomaH oflHHaKOBBiM BecaM jiHCTBeB, noTpebyeT 0{n) onepapHn. Ho cflejiaTB 3 to 
npHfleTCH Bcero o^hh pa3. Hpope^ypa renepHpoBaHHH ^HCKpeTHOH cjiynaHHOH BejiHHHHBi c pac- 
npeflejieHHeM, c tohhoctbio flo HopMHpyiom,ero MHOxcHTejia, cooTBeTCTByiom,HM BecaM jihctbcb 
MOJKCT 6bitb ocymecTBjiena c noMom,Bio cjiynaHHoro bjiyjKflaHHH h 3 Kopna flepeaa k oflHOMy 
H3 jiHCTBCB. Otmcthm, HTO HocKOJiBKy flcpcBo flBOHHHoe, TO HpoxojKfleHHe KajKflOH ero BcpmH- 
HBi npn cjiynaHHOM bjiyjKflaHHH, h 3 KOTopoH H^yT flBa pebpa b BepmHHBi c BecaMH a > 0 h 
b > 0, ocymecTBjmeTCH nyTeM noflbpacBiBaHHH mohcthh (“npHroTOBjieHHOH” tbk, hto BepoHT- 
HOCTB HOHTH B BcpmHHy c BecoM a — ecTB a/{a + b)). Hohhtho, hto fljiH ocym,ecTBjieHHH 3 toh 
npoH,eTi,ypBi hot neobxoflHMOCTH b flonojiHHTejiBHOM ycjiOBHH HopMHpoBKH: a + 6 = 1. Ecjih Bee 
KaKoro-TO jiHCTa ajiropHTMy neobxoflHMO noMeHHTB no xofly paboTBi, to npH^eTCH aojihchbim 
o6pa30M HOMeHHTB flOHOJIHHTejIBHO BCCa TCX H TOJIBKO TCX BepmHH, KOTOpBie JieJKaT Ha nyTH 
H3 KOpHH K 3TOMy JIHCTy. 3 tO HeobxOflHMO flejiaTB, HTo6bI HO^imepjKHBaTB CBOHCTBO: KaJKflaa 
Bepmnna flepena (oTjiHHHaH ot jiHCTa) HMeeT Bee paBHBiH cyMMe bccob flByx ee hotomkob. 


^ — o6m,ee hhcjio apncjjMeTHHecKHx onepaH,HH, 
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PlTaK, Bbime b btom pasflejie 6Bijia onncana npope^ypa renepHpoBaHHH nocjieflOBaTejiBHocTH 

CO CJIOJKHOCTBK) 


0{n + slnnln(n/(T)/e^), 

Ha OCHOBe KOTOPOH MOJKHO HOCTpOHTB TaKOH HaCTOTHBIH BCKTOp 




1 

N 




KOMnOHeHTbl — HaCTOTbl, C KOTOpbIMH MbI HCnOJIbSOSajIH COOTBeTCTByiOmHe CTpaTerHH, HTO 
11I loo < e c BepOHTHOCTBK) > 1 — O'. 


5. IlporpaMMHaa peajiHsapHH 

PaccMaTpHBaeMBie b pa6oTe mctoabi peajiHsoBaHBi aBTopaMH b paMKax cahhoh nporpaMM- 
HOH CHCTCMBI Ha HSHIKC C++. Pa6oTOCnOCo6HOCTB H KOppCKTHOCTB peajIH3aH,HH HpoBepcHa c 

HCHOJiBsoBaHHeM KOMHHjiHTopoB GCC (GNU Compiler Collection, Bepcnn: 4.8.4, 4.9.3, 5.2.1), 
clang (C language family frontend for LLVM, Bepcnn: 3.4.2, 3.5.2, 3.6.1, 3.7.0), icc (Intel C 
Compiler, Bepcnn 15.0.3) na onepapnoHnnix cncTCMax GNU/Linux, Microsoft Windows n Mac 
OS X. 

yfloGcTBa BBe^eM cjicflyiorgne oGosnanennH paccMaTpnBaeMBix b pa6oTe MeTOflOB: 
NLl — MeTOfl H3 pa3flejia 2, FW — mcto^ h 3 pa3flejia 3 n GK — mctoa h 3 pa3flejia 4. 

5.1. XpaHeHHe paspe^KeHHoii MaTpHii,M 

,I],jin xpanenna flannuix pa3peJKeHHOH MaTpHn,Bi A HcnojiB3yeTCH mnpoKO pacnpocTpanennHin 
(JropMaT CSR (Compressed Sparse Row), noaBOJimorgnli padoTaTB c MaTpHpaMH npoH3BOJiBHOH 
CTpyKTypni. IlocKOJiBKy fljin paccMaTpnBaeMBix moto^ob cyrgecTByeT neodxoflHMOCTB o6pani,e- 
HHH K 3jieMeHTaM KaK MaTpHn,Bi A (BBinHCjienne cjaynKpHn) Tan n MaTpHn,Bi (BBinHCJienne 
rpaflneHTa), b Tenyrgen nporpaMMHon peannaagHH ocyrgecTBjineTcn xpanenne b naMHTH oGenx 
MaTpHn,Bi. 3to, ecTecTBenno, BjieneT 3a co6oh y^Boenne oG^neMa noTpeOjineMon onepaTHBHon 
naMHTH, HO paflHKajiBHBiM o6pa30M yjiynmaeT dnicTpoflencTBHe cooTBeTCTByiorgnx bbihhcjih- 
TejiBHBix npogeflyp. 

5.2. IIoHCK MHHHMajibHoro/MaKCHMajibHoro KOMnoHCHTa rpaflHeHTa 

MeTOflBi NLl H FW TpeOyioT najinnHH HH4)opMan,HH o MHHHMajiBHon/MaKCHMajiBHOH kom- 
noneHTe rpa^nenTa — noMepe (nn^eKce) cooTBeTCTByiorgen nepeMennon. IlocKOJiBKy HfleojiornH 
MeTOflOB nog,pa3yMeBaeT BBinojinenne Gojinmoro nncjia “jierKHx” HTepagnli, noncK tbkhx kom- 
noneHT flojincen 6bitb acJrcJreKTHBHO peajiHBOBan. C yneTOM Toro, hto Bce paccMaTpnBaeMBie 
MeTOflBi yHHTBiBaioT paBpejKennocTB pemaeMon aaflann n, b HTore, npoH3Bog,HT MOAHcjanKagHK) 
Konennoro (n BecBMa neGojinmoro OTHOCHTejinno n) nncjia KOMnonenT rpa^nenTa, b Tenyrgen 
peajiH3agHH npnMenHeTCH noflxog;, npefljioJKennBin b pa6oTe [4]. Ochobhoh ero nfleen HBjineTCH 
nocTpoenne Onnapnoro g;epeBa, peannayiorgero BBiHncjienne TpeGyeMon (JrynKgnn ot n nepe- 
MeHHBix (b nameM cjiynae — min/max), n MexannBM OnicTporo oGnoBjiennH ( 3 a O(lnn)) bbihhc- 
jiennoro panee ananennH b cjiynae HBMenennH og,HOH nepeMennon (bmocto “nojinoro” noncna 3 a 
0(n)). 

PeajiH3agHH Tannx flepenneB BBinojinena b BHg;e ma6jiOHHBix KjiaccoB C++, hto hobbojihot 
3ag,aBaTB Tpe6yeMyio (JrynKgnro-oGpaGoTnnK flannuix na STane KOMnnjiHgnn n oGecnennaaeT 
MaKCHMajiBHoe GnicTpoflencTBne npn bbibobo 3toh (JrynKgnn OTnocHTejinno flpyrnx BapnanTOB 
peajiHBagHn: (jrynKTopoB (std::function + lambda), yKaBaTejien na (JrynKgnio hjih npHMenenne 
BnpTyajiBHoro MeTog;a. 
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J^jiana o6pa6aTbiBaeMoro flepesoM seKTopa, b o6iii,eM cjiynae, ne paBna cTenenn abobkh, no- 
BTOMy peajiHBOBaHHBie KjiaccBi flepeBBeB cosflaioT, npn neoGxoflHMocTH, flonojiHHTejiBHBie ysjiBi 
Ha cooTBeTCTByiomHx ypoBHHx H npH o6pa6oTKe flaHHBix yHHTBiBaroT flannoe o6cTOHTejiBCTBo, 
HanpHMyK) “npoTajiKHBaa” flaHHBie TaxHX “neKpaTHBix” ysjiOB na BBmiecTOHni,HH ypoBenn ^jih 
nocjieflyromeft o6pa6oTKH. 

riocKOJiBKy HcnojiBsyeMBie b pa6oTe flepeBBH aojihchbi peajiHsoBBiBaTB ne tojibko hohck mh- 
HHMajiBHoro/MaKCHMajiBHoro sHaneHHH rpa^neHTa, ho h cooTBeTCTByioHi,ero hm HH^eKca, to b 
KajKflOM ysjie thkoto ^epeBa xpaHHTca h oGpaGaTBiBaroxca napni “HHfleKc-SHaneHHe”. TaKoft nofl- 
xofl yBejiHHHBaex o6T>eM naMHTH, saHHMaeMBiH ^epeBOM, ho cyn^ecTBeHHBiM o6pa30M yjiyHmaeT 
ero 6BicTpofleHCTBHe, nocKOJiBKy HCRjironaeTCH Heo6xoflHMocTB o6paHi,eHHH k, b o6Hi,eM cjiynae 
cjiynaftHBiM, ojieMeHTaM BOKTopa rpa^neHTa, hto BecBMa saxpaxHo c tohkh spenna pa6oTBi Kama 
coBpeMeHHBix npopeccopoB. TaKoe “coBMecTHoe” xpaHenne nap “HH^eKc-SHaHeHne” cyH];ecTBeHHo 
yjiyHHiaeT “jioKajiBHocTB” flaHHBix ^jih npopeccopa npn o6pa6oTKe ysjioB. 

TaKHce fljiH paccMaTpHBaeMBix flepeBBOB peajiHsoBaH MexannsM oxceHeHHH — ecjiH nojiyna- 
eMBiH 4)yHKH;HeH-o6pa6oxHHKOM pesyjiBxax ox flaHHBix c “flonepHHx” ysjioB ne Mensex co^ep- 
jKHMoe xeKyHi,ero ysjia, xo, ohobhaho, flajiBHeftmee “npoflBHJKeHHe” na BBimecxoHH^He ypoBHH 
He HMeex cMBicjia h 6yflex 6ecnojie3HOH xpaxolt BpeMenn h BBiHHCjiHxejiBHBix pecypcoB. IlpHMe- 
HeHHe 3X0X0 MexaHH3Ma na npaKXHKe noKaaajio ero nojinyro onpaBflaHHOcxB — nanpHMep, npn 
pemeHHH MexoflOM FW aa^ann web-Google (cm. HHxce) c hhcjiom nepeMeHHBix n = 875713, noji- 
Haa BBicoxa flepena noHCKa MHHHMaaBHoro KOMHOHeaxa rpaflHenxa paBHa 20 (2^® < n < 2^®), 
a cpeflHaa “BBicoxa paOoxBi” aaropHXMa oOHOBaenna axoro .gepeBa npn HajiHHHH MexaHH3Ma 
oxceHeHHH — 5. 


5.3. reHepaii,H5i ^HCKpeTHoft cjiyHaftHoii BejiHHHHfci c Tpe6yeMoft BepoaxHO- 

CTBKJ 

JXnsi pa6oxBi Mexo^a GK xpeGyexca Hajinane renepaxopa ^HCKpexHOH caynaHHOH BejiHHH- 
HBi c xpe6yeMOH BepoaxHocxBio (ajiropaxM xaKOH reHepaH,HH noflpoGno HoaoxceH b paofleae 4). 
PeaaH3aH,HH xpe6yeMoro ^HCKpexHoro renepaxopa BBinoaHena c HcnoaB30BaHHeM BBinHcanxeaB- 
HBix flepeBBOB, oHHcaHHBix B pa3fleae 5.2 OxaHnne b peaaHaapHH cocxohx b xom, hxo flepeBo 


flaa paccMaxpHBaeMoro renepaxopa peaaHoyex cjayHKpHio cyMMHponaHHa BepoaxHocxen h pa- 
Goxaex ne c napaMH “HHfleKC-BHaneHHe”, a nanpaMyio co BHaneHnaMH (nepoaxHocxaMH). TaKxce 
BBiHoaHena onxHMH3aH,HH aaropnxMa renepapHH — flocxaxoHHO Bcero anniB oflHoro nofl6pacBi- 
BaHHH MOHexKH flaa noHCKa nyxcHoro ancxa (nepeMenHoft): renepnpyeM caynaftHyio BeaHHHHy 
0 < r < p, rfle p — OHaneHne BepoaxHocxH b KopneBOM yaae; nannHaa c KopneBoro yoaa, npo- 
BepaeM ycaoBHe r < pa, r^e pa — OHaneHne BepoaxHocxH b “flOHepneM” yaae a; ecan ycaoBHe 
BBiHoaHaexca — nepexoflHM na yaea a, b hpoxhbhom caynae BBinncaaeM r = r — pa n nepexoflHM 
Ha “flonepHHH” yaea 6; npope^ypy BBinoanaeM flo xex nop, noKa ne flocxHrneM xpe6yeMBiH hhm 
ancx (nepeMeHHyio). 


5.4. BbiHHCJieHHe SHaneKHa cJ)yHKii,HH 

Haanane BHaneHHH (JjyHKpHH b xeKymeft xonne flaa paccMaxpHBaeMBix moxo^ob, BooGme 
roBopa, He xpeGyexca. Ho flannaa HHcj^opMapHa Moxcex 6 bixb noaeana b KanecxBe KpHxepna 
ocxaHOBa, flaa nocxpoenna rpacJiHKa cxo^hmocth Mexofla h t.h. BBinHcaenna (oGnoBae- 

HHa) BHaneHHa 4)yHKH,HH mojkho npHMOHHXB HOflxofl c HcnoaB30BaHHeM flepeBBOB H3 pa3fleaa 
|5.2[ peaaH3yioH];Hx onepapnio cyMMHpoBaHHa, ho 3xo Baenex 3a co6oh flonoaHHxeaBHBie bbihhc- 
anxeaBHBie pacxoflBi (O(lnn) na Kaxcfloe oGnoBaenne). HoaxoMy b xeKymeft peaaH3aH,HH flaa 
MexoflOB NLl H FW HcnoaBayexca npaMoe oGnoBaenne cyMMBi: 


fk = '^bf, b = Axk. 

i=l 
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PaccMaTpHBaeMbie MeTOflbi b npoii;ecce CBoeft pa6oTBi nponsBO^HT HSMeneHne OTflejiBHBix 
sjieMeHTOB BeKTopa Xk na neKOTopyio BejiHHHny Ax, hto BjieneT sa co6oh HSMeHenne s ajieMen- 
TOB BeKTopa 6: 


A6j = Aij ■ Axj. 

SnaH 3Ty BejiHHHHy mbi moxcbm o6hobhtb SHaHenne onTHMHsnpyeMOH cjaynKpHn: 


ft = fk + 2biAbi - {Ahf. 

Jfjin MBTOfla FW Tpe6yeTCH cflejiaTB yTOHneHne. HeTpnBnajiBHBiM MOMeHTOM, nosBOJiHBniHM 
cymecTBeHHo yBejiHHHTB cKopocTB ero pa6oTBi, cTajio HsGaBjieHne ot jiHHeftHOH (sa 0{n)) one- 
paii,HH MacniTaGnpoBaHHH BeKTopa Xk na KajKfloli HTepaii,HH (cm. pasfleji 3). PaccMOTpHM 3 tot 
noflxofl 6ojiee noflpo6Ho. IlycTB xi — cTapTOBaa TOHKa, Tor^a 
X 2 = (1 - 7i)a^i + 712/1 = 2/1 " t.k. 71 = 1 
X 3 = (1 - 72)x2 + 722/2 = (1 - 72 )( 2:2 + 1 ^ 2 / 2 ) 

X4 = (1 - 73)a;3 + 732/3 = (1 - 72 )(1 - 73 ) [x 2 + 1 ^ 2/2 + ,.^ 3 ) 2 / 3 ) 


i=2 


Xk+1 = /3k {x2 + %yi = /5fc 2/1 + E 7i2/i = l3kXk 


i=2 


rfle I3k= n (1 - 7r), % = lk/l3k 


r=2 

Bnojine OHeBiiflHO, hto mbi mojkcm (paspexcenno) o6hobjihtb coflepjKiiMoe BCKTopa Xk yKa- 
saHHBiM o6pa30M Ha KajKflOH HTepaii,HH. AxTyajiBHBiM cTaHOBHTCH Bonpoc TaKoro yncTa kobcJ)- 
4)HII,HeHTa (3k, KOTOpBIH HC HapyiHaeT paspeXCCHHOCTB H HOSBOJIHCT OCymeCTBJIHTB BBIHHCJieHHe 
(nepecHCT) 4)yHKii,HH/rpaflHeHTa na KajKfloli HTepapHH ajiropHTMa. CnHTaeM, hto y nac yxce 
ecTB BBiHHCjieHHoe sHaHCHHe 4)yHKii,HH/rpaflHeHTa (paccMaTpHBaeM sa^any HAxHl) b hckoto- 
poH TOHKe, Torfla 


1) B cjiynae HSMeneHHH (nyTCM yMHOJKCHHH na HCKOTopoe a) K034)4)Hii,HeHTa (3, sHaneHne 
4)yHKII,HH nepeCHHTBIBaCTCH KaK 


/+ = 

SnaHeHHe KOMnoHCHT rpa^neHTa, cooTBeTCTBCHHo, aojihcho 6bitb MacmTa6HpoBaHo na a, 
HO, T.K. MCTOfl He Tpe6yeT Co6cTBeHHO SHaneHHH KOMHOneHT, a TOJIBKO HHABKC MHHHMajIB- 
Horo 3JieMeHTa, 3Ty npoH;eflypy mojkho onycTHTB. Ecjih jkb Tpe6yeTCH SHanenne HopMBi 
rpaflHeHTa (nanpHMep, b KanecTBe oflHoro hs KpHTepna ocTanoBKH), to ona nepecHHTBi- 
BaeTCH oHeBHflHBiM oGpasoM 


\\ag \\2 = alls-lb- 

2) B cjiynae HSMeneHHH KaKOH-JinGo KOMHoneHTBi BeKTopa x (6e3 HSMeneHHH SHaneHHH (3) na 
HeKOTopoe Axj, npoHSBOflHTCH o6HOBjieHHe s 3JieMeHTOB BeKTopa b = Ax na BejiHHHHy 


Abi = Aij ■ Axj = Aiji • Axj 

fljiH KaJKfloro TaKoro Abi oGnoBjiaeTCH SHaneHne cjsyHKpHH 


= f + d\2biAh-{Abif) 


H s KOMnoHeHT rpa^HeHTa g 


Agk — • Abi — Aik ' ^bi 
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TaKHM oGpasoM, b npopecce pa6oTbi MeTOfla Henocpe;];cTBeHHoe yMHOJKeHne x na kobcJjcJjh- 
pneHT /3 (hto Tpe6yeT 0(n) onepapnii) ne npoHSBOflHTca, 3Ta onepapHH ocymecTBjiaexcH tojib- 
Ko B KOHpe, Korfla neoGxoflHMO BepnyxB “ncTHHHoe” SHaHenne onxHMHSHpyeMBix nepeMenHBix 
X* = Pn ■ xisf. npHMeneHHe onncaHHoro noflxofla nosBOJiHjio cymecTBeHHBiM oGpasoM yaejin- 
HHTB GbicTpofleftcTBHe peajiHBOBaHHoro ajiropHTMa. 

IlpoBefleHHBie BBixHCJiHTejiBHBie BKcnepHMeHTBi noKasajiH, hto npeflcxaBjieHHBie cxeMBi npa- 
Moro oGnoBjieHHe cyMMBi (BMecxo npHMeneHHa flepeBBea) ne Be/;yx k KaKHM-jinGo snaHHxejiBHBiM 
HaKonjieHHHM oiuhGok OKpyrjieHna. Hocjie saBepmennH npopeflypBi MHHHMHsapHH fljia npoBep- 
KH npoHSBOflHjiocB “necxHoe” BBixHCJieHne f{x*). 


6. HncjieHHbie SKcnepHMeHTbi 

IlpHBOflHMBie B pa6oxe pesyjiBxaxBi HHCJieHHBix BKcnepHMenxoB nojiyxenBi na BBixHCJinxejiB- 
Hoii CHCxeMe, HMeiomeit cjieflyromne xapaKxepncxHKH: 

• ubuntu server 14.04, x86_64 

• Intel Core i5-2500K, 16 r6 OSY 

• HcnojiBsyeMBiH KOMnnjiHxop — gcc-5.2.1, 

napaMexpBi c6opKH: -std=c++ll -02 -mcinodel=small -DNDEBUG 

IloBefleHHe paccMaxpnBaeMBix MexoflOB nccjieflOBajiocB na sa^anax PageRank paBJinnHoft 
pasMepnocxH c MaxpapaMH 3-x xnnoB: 

1) ^UnaroHajiBHaa, c sa^aBaeMBiM hhcjiom flnaroHajieft: = 1,3,5,.... Kaxc^aa cxpo- 

Ka/cxoji6eii, MaxpnpBi coflepxcnx [ud — l)/2 + 1 < s < HeHyjieBBix ojieMenxoB. 

2) Co cjiynaftHO reHepnpyeMoli cxpyKxypoft. Kaxc^aa cxpoKa/cxojiGen, MaxpHii,Bi coflepxcnx 
poBHo s HeHyjieBBix ojieMeHxoB. 

3) IlocxpoeHHaH hs web-rpacjroB, sarpyxceHHBix c caftxa CxoHcjropflCKoro yHHBepcHxexa [27]. 
Cxpokh/cxoji6h,bi MaxpapBi A coflepxcax npoHSBOJiBHoe hhcjio HenyjieBBix ojieMeHxoB 
(cm. xa6ji. Q. 

,Hjih Bcex npoBOflHMBix oKcnepHMeHxoB saflaBajiocB sHaneHne e = 10“^. ,Hjih MexoflOB NLl 
H FW B KanecxBe cxapxoBoli xohkh BBibpana nepBaa BepruHna eflHHHHHoro cHMHjieKca xq = 
(1,0, ...,0), KpHxepHH ocxaHOBKH — f{xk) = 1/2||Axa;|| 2 — Mexofl GK ocxanaBjinBajica no 

flocxHxceHHK) xpebyeMoro HHCJia HxepaH,HH (iV), nocjie saBepmeHna aaropnxMa nponsBo^HjiacB 
npoBepKa ||Ax'^||oo < £• 

YKaaaHHoe b pesyjiBxaxax BpeMa oxpaxcaex xojibko paboxy Mexofla onxHMHsapHH, x.e. ne 
BKjiioHaex B ceba sarpysKy/reHepapHio AjA"^, HHHH,HajiH3aH,Hio flepeBBOB, nepBOHanaaBHoe 
“noxHoe” BBiHHcaeHHe (]3yHKH,HH/rpaflHeHxa h x.h. 
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f(x) 


Ta6jiH]j,a 1. XapaKTepncTHKH MaTpnpbi A ^jih sa^an c web-rpa(|)aMH 


web-graph 

Hncao nenyaeBBix aaeMeHTOB 

B CTpOKe 

B cToabpe 

cpeflHee 

MHH. 

MBKC. 

MHH. 

MaKC. 

Stanford, n = 281903 

2 

38607 

1 

256 

9.2 

NotreDame, n = 325729 

2 

10722 

1 

3445 

5.51 

BerkStan, n = 685230 

1 

84209 

1 

250 

12.09 

Google, n = 875713 

1 

6327 

1 

457 

6.83 


IlpoBefleHHbie BbiHHCjiHTejibHbie BKcnepHMenTBi nosBOJinjin cflejiaTB cjieflyiomHe bbibo^bi: 

1) K cojKajieHHK), peajiHsapHH MeTo^a GK noKaaajia neyflOBjieTBopHTejiBHBie pesyjiBTaTBi — 
aBTopaM TaK h ne yflajiocB aocthhb CTaGnjiBHoro BBinojineHHH ycjiOBHa ||Ax'^||oo < £• 
rioHCK npHHHH nofloGnoro noBeflenna npHBeji k HHTepecHBiM Ha6jiiofleHHHM. /],o6aBjie- 
HHe BBiHHCjieHHa cjayHKpHH Ha HTepapnax (hto HaHanajiBHO He Tpe6yeTCH h cyH];ecTBeHHO 
CHHHcaeT 6BicTpofleHCTBHe) HOKasajio, hto MeTOfl aobojibho 6bictpo cnycKaeTca b TOHKy, 
KOTopaa B pafle caynaeB y^oBaeTBopaeT Tpe6yeMOMy ycaoBHro, ho nocae oToro sHaneHne 
4)yHKH,HH HaHHHaeT pacTH H MeTOfl npHxoflHT B TOHKy x^, Tfle Tpe6yeMoe ycaoBHe napy- 
HieHO. rioHBITKH pa3o6paTBCH C HpHHHHOH TaKOTO HOBefleHHH BBIHBHHH, HTO B HpopeCCe 
OnTHMH3aH,HH pHfl KOMHOHeHT BOKTOpOB Pi H Pj HpHHHMaiOT OHeHB 6oaBHIHe 3HaHeHHH, 
BHaOTB flO MaHIHHHOH 6eCKOHeHHOCTH B CHyHae BBIHOaHeHHH flOCTaTOHHO 6oaBHIOrO HHCaa 
HTepapHH. OHeBHflHO, HTO TBKHe 3HaHeHHH BepOHTHOCTeft npHBOflaT K TOMy, HTO rene- 
paTop HceBflocayHaHHBix HHcea npocTo ne mohcbt “nonacTB” b ocTaaBHBie “MaaeHBKHe” 
KOMHOHeHTBI, KOTOpBie B HTOTe OKa3BIBaiOTCH HCKHIOHeHBI H3 HpopeCCa OnTHMH3aH,HH, a 
MeTOfl onepnpyeT nepeMeHHBiMH tohbko h3 BecBMa He6oaBHioro MHoacecTBa. BBinoaHenne 
nepHOflHHecKoro nepeMacHiTaGnpoBaHHa boktopob pi h pj (tslk, hto6bi cyMMa hx kom- 
HOHeHT cTaaa paana 1) ne HOMennaH naGaioflaeMoe noBeflenne. Tax ace 6hijio oaMeneHo, 
HTO paccMaTpHBaeMBiH acJjcJjeKT necKoaBKo ocaaGeBaea c yBeaHHenneM oHaHeHna A^, ho ne 
HCHenaeT noanocTHK), a aHHiB cflBHraeTca bo BpeMenn — cm. pnc. 



Phc. 1. IIoBeaeHHe MeToaa GK npn pasaHHHOM SHaneHHH N, A — cayHaftHaa, n = 10^, s = 3 
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PaayMHbiM oG'i.HcneHHeM 3TOMy nenpHHTHOMy cJjaKTy, na nam ssrjiHfl, MOJKeT 6biTb Ma- 
niHHHaa apncJjMeTHKa, BHOCHmaa CBoii BKjia/; b bh^b naKonjieHHa norpeniHOCTeft, a Tax 
jKe “neHfleajiBHaa” (c tohkh speHHH MaTeMaTHKn) pa6oTa renepaTopa nceBflocjiynaHHBix 
HHceji (xoTs B peajiHsapHH HcnojiBsyeTca xopomo npoBepeHHBift na npaxTHKe renepaTop 
MersenneTwister). Mbi BBiHyjKfleHBi KoncTaTHpoBaTB, hto xopomne xeopeTHHecKHe open- 
KH fljiH MBTOfla GK noKa flajin BecBMa nocpe^cTBeHHBie npaxTHHecKHe peayjiBxaTBi. 

2) BBicxpofleftcxBHe MexoflOB na sa^anax c ^HaroHajiBHoft Maxpapeft A (cm. xa6ji. pnc. 
cymecxBeHHo BBime (ocoGchho bxo xacaexcH Mexo^a FW), hcm b cjiynae nocxanoBOK co 
cjiynaHHOH A (cm. xa6ji. pnc. [^. 3xo cBasano c xcm, hxo kblu penxpajiBHoro npopec- 
copa npH pa6oxe c ^HaroHajiBHoft Maxpapeft paGoxaex b cymecxBeHHo 6ojiee “KOMcJjopx- 
HBix” ycjiOBHSx, nocKOJiBKy npoHSBOflHxca nocjieflOBaxejiBHBie onepapHH nxenHa/sanncH 
CMCJKHBIX BJieMCHXOB BCKXOpOB X H 6 = Ax. OnepaiI,HH o6HOBJieHHH flepCBBCB nOHCKa MH- 
HHMajiBHoro/MaKCHMajiBHoro KOMnoHCHx rpaflHCHxa xax xce ocymecxBjiaioxcH b cmcjkhbix 
KOMnoHCHxax. CxpyKxypa flHaronajiBHBix MaxpHii, xaKOBa, hxo o6pa6oxaB o^ny cxpoxy 
MaxpHii,Bi, MBI nojiynacM b Kame xaKoft Ha6op KOMnoHCHx BCKxopoB x n 6, xxo o6pa6ox- 
Ka cjicflyiomeft cxpoKu noHxii ne noxpe6yex oGpameHiia k HxeftKaM onepaxiiBHoft naMHxn, 
npuHCM 3XOX acJxjacKx npaRxiixecKii ne saBuciix ox pasMepHocxii saflanii (npii cjanKciipoBaH- 
HOM rid)- 3x0 xopomo bh^ho na npuMcpe nocxanoBOK c s = 3 —^ npii pocxe pasMepHocxn 
aaflaxH na 5 nopa^KOB hmccm pocx BpeMCHu pa6oxBi ajiropnxMa ne 6ojiee hcm na 50%. 

Ta6jiHiia 2. BpeMH (cex.) penienHH 3a.ii,aHH PageRank, A — ^HaroHajiBHaa 



Mcxofl NLl 

Mexofl FW 

n 

BpeMS 

HTepaii;HH 

BpeMS 

HTepaii;HH 

nd = 

3; 2 < s < 3 



10 ^ 

4.089 

3948632 

0.007 

14142 

10 ^ 

4.221 

3950392 

0.008 

14142 

10 ^ 

4.575 

3950392 

0.009 

14142 

10 ^ 

4.814 

3950392 

0.010 

14142 

10 ® 

5.143 

3950392 

0.010 

14142 

10 ^ 

5.566 

3950392 

0.010 

14142 

10 ® 

6.021 

3950392 

0.010 

14142 

nd = 

11 ; 6 < s < 11 



10 ^ 

14.655 

2100964 

0.041 

14749 

10 ® 

37.796 

5101072 

0.041 

16956 

10 ^ 

39.170 

5101072 

0.062 

19995 

10 ® 

39.897 

5101072 

0.064 

24495 

10 ® 

41.004 

5101072 

0.065 

24495 

10 ^ 

43.917 

5101072 

0.068 

24495 

nd = 

51; 26 < s 

< 51 



10 ® 

529.240 

5216119 

1.552 

46447 

10 ^ 

535.348 

5216119 

1.045 

29991 

10 ® 

537.419 

5216119 

1.741 

49235 

10 ® 

549.782 

5216119 

1.758 

49235 

10 ^ 

552.271 

5216119 

1.789 

49235 


Ud = 101; 51 < s < 101 


10 ^ 

1935.198 

5175085 

6.464 

49925 

10 ® 

1962.307 

5175085 

9.097 

68646 

10 ® 

1940.331 

5175085 

9.134 

68646 
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f(x) 



Phc. 2. PemeHHe PageRank, A — ^HaroHajibHaa, n = 10®, nj, = 101 


JXnsi MaTpHii, CO cjiynaHHOH CTpyKTypoft naHnnaiOTca “xaoTHHHbie” sanpocbi k aneftKaM 
naMHTH, HTO pesKO CHHJKaeT acjacjaeKTHBHOCTb paGoTbi Kema, KOTopaa, b oGmeM cjiyaae, 
naflacT npn yBejiHaennH n, nocKOJiBKy pacTCT pasMep o6pa6aTBiBaeMBix bcktopob x h b, 
KOTopBie KBLunpyroTCH npH TaxHX “xaoTHHHBix” aanpocax Bce xyxce h xyjKe. 

TaGjiHpa 3. BpeMH (cck.) peinennH 3a,aaHH PageRank, A — cjiynaiiHaH 



MCTOfl NLl 

MCTOfl FW 

n 

BpeMH 

HTepaii,HH 

BpeMH 

HTepaii,HH 

s = 3 


10^ 

0.003 

1999 

0.023 

39734 

10^ 

0.031 

17748 

0.118 

190601 

lO'^ 

0.233 

141739 

0.414 

632954 

10*^ 

2.374 

840617 

2.107 

2009854 

10® 

16.171 

4020388 

9.355 

6203826 

10^ 

56.694 

11669495 

32.442 

17916520 

10® 

173.070 

19988053 

121.258 

43390838 


s = 11 


10^ 

0.013 

590 

0.173 

44706 

10® 

0.072 

5106 

0.593 

142109 

10^ 

0.568 

40029 

2.123 

450873 

10® 

6.342 

299382 

10.374 

1482735 

10® 

78.383 

2025423 

60.715 

4753809 

10^ 

503.385 

11272158 

219.988 

14693667 


s = 51 


10® 

0.891 

3851 

11.681 

162015 

10^ 

8.383 

31372 

42.824 

510444 

10® 

77.137 

241191 

164.751 

1621686 

10® 

1300.194 

1683845 

1152.805 

5082774 

10^ 

11250.461 

10627974 

5432.107 

17479622 


s = 101 


10^ 

29.540 

29127 

168.124 

529685 

10® 

304.419 

225146 

650.878 

1696708 

10® 

4692.729 

1607834 

4619.220 

5267738 
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f(x) 



Phc. 3. PemeHHe PageRank, A — cjiyHaiiHaH, n = 10^, s = 51 


3) BecbMa HeojKHflaHHtiM acJxJjeKTOM cTajio GbicTpofleftcTSHe MeTOfla FW fljia sa^an c web- 
rpacJjaMH (cm. Ta6ji.[^ pHc.j^H pnc.]^. ripoBefleHHbie aKcnepaMCHTbi noKaaajiH, hto hhcjio 
HTepapHH, noTpeboBaBLUHXCH fljia nojiyHCHHa pemcHHa c TpebyeMoft tohhoctbk), ^jih Bcex 
TaKHx nocTanoBOK oKasajiocB Meubiue, hcm pasMepnocTB saflaHH. 

McTOfl NLl Ha 2-x sa^anax btobo Tnna, k coxcajieHHK), noxasaji BecBMa nocpeflCTBeHHBie 
pesyjiBTaTBi, hto, na nam BsrjiHfl CBHsaHO c tcm, hto oh MOflHcjaHpnpyeT 2 nepeMCHHBix 
sa HTepapHK) (b otjihhhc ot MCTOfla FW), npHncM BBibnpaeT bth nepeMeHHBie tbkhm o6- 
paaoM, HTO peryjiapHo nona^aeT na “neyflaHHBie” ctpokh/ctoji6h,bi MaTpHH,Bi A. Hohchhm 
3TOT MOMCHT 6ojiee noflpobno. B Tabji. npHBefleHBi xapaKxepHCTHKH paapexccHHocTH 
MaTpnpBi A, Tfle oTpaxceno, hto cyHi,ecTByioT “fljiHHHBie” ctpokh/ctoji6h,bi (c 6ojibhihm s), 
BBibop KOTopBix Ha HTepapHH BjieneT sa co6oh cyHi,ecTBeHHBiH oGt-cm BBiHHCJieHHH. Mexofl 
NLl B npopecce paboTBi peryjiapHBiM obpasoM BBibnpaeT sth “fljiHHHBie” ctpokh/ctoji6h,bi, 
HTO flaCT OHCHB BBICOKyiO CTOHMOCTB COOTBeTCTByiOHl,eH HTepapHH. OboSHaHHM Sr “ HHCJIO 
HeHyjieBBix bjicmchtob b TeKyH^eft (obpabaTBiBaeMoft mcto^om) cxpoKe MaTpnpBi A, Sc — 
B TeKyH];eM CTOJibpe. OneBHflHO, hto hcm MCHBiue sth SHaneHHH, tcm “jicrne” HTepapna h 
BBime bBicTpoflCHCTBHe MCTOfla. B Tabji.j^noKasaHBi bcjihhhhbi sthx napaMexpoB, KOTopnie 
HOKasBiBaroT, hto flJiH sa^aHH web-BerkStan cpeflHHH ctohmoctb HTepapHH (opennaaeTCH 
HO sHaneHHK) Sr ■ Sc, T.e. HHCJiy obpabaTBiBaeMBix sa HTepapHK) bjicmchtob MaTpHH,Bi A) 
fljiH MCTOfla NLl oKasajiacB na nopa^oK BBime, hcm y MCTOfla FW. Ilpn stom fljia sa^a- 
HH web-Stanford mcto^ NLl noKasBiaaeT naMHoro bojiee yflaHHBiH BBibop ctpok/ctoji6h;ob, 
HOKasBiBaa pesyjiBTaTBi, bhojihc conocTaBHMBie c mcto^om FW. SaMCTHM Tax xce, hto npn 
pemeHHH noflobnaix nocTanoBOK c “peajiBHoft” cTpyKTypoft MaTpHH,Bi A, oTflejiBHBie Hxepa- 
h;hh paccMaTpHBaeMBix mcto^ob (MaKCHMajiBHoe SHaneHne Sr ■ Sc b xabji. no ctohmocth 
MOryT 6bITB COnOCTaBHMBI C HOJIHBIM BBIHHCJieHHCM cjsyHKpHH/rpaflHeHTa. 


Tabjinpa 4. BpeMH (cck.) pemeHHH sa^aann PageRank .ajiH web-rpacjDOB 


web-rpacj) 

n 

MeTOfl NLl 

MeTOfl FW 

Bpeua 

HTepaii;HH 

BpeMS 

HTepaii;HH 

Stanford 

281903 

0.145 

93152 

0.008 

14142 

NotreDame 

325729 

700.810 

3816436 

0.526 

38014 

BerkStan 

685230 

38161.847 

12315700 

0.536 

19990 

Google 

875713 

113.643 

1083996 

0.278 

37313 


17 















Ta6jiH]j,a 5. Ctohmoctb HTepa]j,HH sa^an c web-rpacjiaMH 



Stanford 

BerkStan 

NLl 

FW 

NLl 

FW 


MHH. 

1.0 

1.0 

1.0 

1.0 

5-^ 

MaKC. 

34.0 

4.0 

84209.0 

84209.0 


cpeflHee 

3.9 

3.9 

2278.4 

148.6 


MHH. 

2.0 

2.0 

1.0 

1.0 


MaKC. 

37.0 

3.0 

244.0 

83.0 


cpeflHee 

2.9 

2.8 

15.7 

6.2 


MHH. 

3.0 

3.0 

2.0 

2.0 

S-p * Sp 

MaKC. 

1258.0 

12.0 

15494456.0 

6989347.0 


cpeflHee 

11.7 

11.3 

84304.3 

7507.5 



Phc. 4. PemeHHe sa^ann web-NotreDame 



Phc. 5. PemeHHe sa^ann web-BerkStan 


7. 3aKJiK)HeHHe 

^aHHaa cTaTbH npe^cTaBjiaeT co6oh sanncb flOKjiafla A.B. FacHHKOBa na TpaflHpHOHHoft 
MaxeMaTHHecKOH niKOJie B.T. IlojiHKa b Hione 2015 ro^a. Mexofl hs paa^ejia 2 6biji npefljiojKen 
K).E. HecTepoBBiM b HoaOpe 2014 rofla. 3 tot Mexofl BnocjieflCTBHH flopaOaTBiBajica A.B. PacHH- 
KOBBIM, A.C. AhHKHHBIM, A.K). PopHOBBIM, KaMSOJIOBBIM H K).B. MaKCHMOBBIM. IloflXOfl 
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H3 pasflejia 3 6hiji npefljiojKen b anpejie 2015 A.B. PacKHKOBbiM h A.K). Fophobbim. Iloflxofl 
flopa6aTBiBajicH K).B. Mbkchmobbim. Hoxofl hs paa^ejia 4 6 biji npefljiojKen A.B. FacHHKOBBiM b 
2012 rofly (no-BH^HMOMy, b sto BpeMH h 6biji BBe^en Kjiacc flBajKflBi paspejKeHHBix MaTpHii, b sa- 
flanax huge-scale onTHMHsapHH, npn nonBiTKe nepenecTH pesyjiBTaTBi FpHropnaflHca-XaHHaHa 
[19] Ha paspejKeHHBiH cjiyHaft). Iloflxofl flopa6aTBiBajicH A.C. Ahhkhhbim. HncjieHHBie BKcnepn- 
MeHTBi npoBOflHjiHCB A.C. Ahhkhhbim h KaMsojiOBBiM. 

HccjieflOBaHHe aBTopoB b hbcth 4 BBinojiHeno b HmiH PAH sa cneT rpaHTa Pocchhckobo 
HayHHoro cJioHfla (npoeKT 14-50-00150), HccjieflOBaHHe b hbcth 3 BBinojiHeno npn noftgepjKKe 
rpaHTa P(p(PH 15-31-20571-MOJi_a_Befl, HccjieflOBaHHe b hbcth 2 npn no.iy;epjKKe rpaHTa P(P- 
(PH 14-01-00722-a. 
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